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Abstract
A SU(3)Q × SU(3)u × SU(3)d invariant scalar potential breaking spontaneously the quark ﬂavour symmetry can
explain the Standard Model ﬂavour puzzle. The approximate alignment in ﬂavour space of the vacuum expectation
values of the up and down ‘Yukawa ﬁelds’ results as a dynamical eﬀect. The observed quark mixing angles, the
weak CP violating phase, and hierarchical quark masses can be all reproduced at the cost of introducing additional
(auxiliary) scalar multiplets, but without the need of introducing hierarchical parameters.
Keywords: Spontaneous Symmetry Breaking, Quark masses and mixing angles, Beyond the Standard model.
1. Introduction
Fermion family replication represents probably the
oldest unexplained puzzle in elementary particle
physics, dating back to the discovery of the muon by
Anderson and Neddermeyer at Caltech in 1936. With
the discovery of all the other second and third genera-
tion particles, the puzzle became even more intriguing
because fermions with the same SU(3)C × SU(2)L ×
U(1)Y quantum numbers have been found with mass
values that span up to ﬁve orders of magnitude. Explain-
ing such strongly hierarchical mass patterns requires
a more fundamental theory than the Standard Model
(SM), and a plethora of attempts in this direction have
been tried. In their large majority they basically follow
two types of approaches:
(i) The ﬁrst is to postulate new symmetries under
which fermions with the same SM quantum num-
bers transform diﬀerently. The fact that fermion
families appear to replicate is then just an illu-
sory feature of the low energy theory, ascribable to
our incomplete knowledge of the full set of fun-
damental quantum numbers. This is, for exam-
ple, the basic ingredient of the popular Froggatt-
Nielsen mechanism [1], in which the hierarchy of
the Yukawa couplings follows from a dimensional
hierarchy in the corresponding eﬀective Yukawa
operators, obtained by assigning to the lighter gen-
erations larger values of new Abelian charges.
(ii) A diﬀerent approach is to assume that the three
generations contain exact replica of the same
states. The gauge invariant kinetic term for each
type of fermions (same charge and chirality) is
characterized by a U(3) (ﬂavour) symmetry [2].
When this symmetry is broken explicitly via the
Yukawa terms, we have the SM. A more interesting
idea is that the ﬂavour symmetry is broken spon-
taneously (SFSB) by vacuum expectation values
(vevs) of scalar ‘Yukawa ﬁelds’, transforming un-
der the various U(3) in such a way that at the La-
grangian level, the ﬂavour symmetry is exact.
The ﬁrst approach basically relies on ad hoc assign-
ments of new quantum numbers in order to reproduce
qualitatively the observed mass patterns. The second
approach can be considered theoretically more ambi-
tious (as it relies on less ad hoc assumptions) although
it is by far more challenging than the ﬁrst one regarding
successful model implementations. In order to oﬀer a
natural solution to the Yukawa hierarchy, such models
should not rely on a hierarchical arrangement of param-
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eters or on some tuning between them. Loop-induced
hierarchies for example would be plausible [3], but we
have found that this possibility is vetoed [4]. Dynamical
mechanisms inducing strong suppressions of some pa-
rameters are another possibility which we have instead
proved being viable [5].
The idea that quark masses could arise from the min-
imum of a scalar potential invariant under a suitable
symmetry is in fact rather old, and group theoretical
methods to identify the natural extrema of a ‘Yukawa
potential’ were established already in the early seven-
ties [6, 7]. Nowadays the literature on attempts towards
a dynamical explanation of the Yukawa couplings (em-
ploying diﬀerent ﬂavour groups and diﬀerent ﬂavour-
breaking ﬁelds) is extensive [8, 9, 10, 11, 12, 13, 14, 15,
16, 17, 18, 19].
The present contribution is based on the three pa-
pers [3, 4, 5] and it describes the main steps (diﬃculties,
vetoes, mandatory requirements) that lead us to under-
stand the features needed to implement SFSB in what
we think is the best motivated scenarios, which is based
on the quark ﬂavour symmetry:
GF = SU(3)Q × SU(3)u × SU(3)d , (1)
where Q, (u and d) denote the SU(2)L quark doublets
(singlets). Quarks couple to the Higgs ﬁeld via the ef-
fective operator
−LY =
∑
q=u,d
[
1
Λ
QYq q Hq + h.c.
]
, (2)
where Hd = H is the Higgs ﬁeld (Hu = iσ2H∗), Yu,d
are the up- and down-type Yukawa ﬁelds, and Λ is the
scale where the eﬀective operators arise. The theoretical
challenge is now ﬁnding a GF -invariant scalar potential
V(Yq, Z) (where Z denotes generically additional scalars
coupled to Yq in a symmetry invariant way) which can
break GF spontaneously and yield a set of vevs 〈Yq〉
reproducing the observed structure of the SM Yukawa
couplings.
2. A single Yukawa ﬁeld: generating a hierarchy
Let us start by considering a single Yukawa multiplet,
e.g. Y = Yu, that under the relevant ﬂavour symmetry
GLR = SU(3)L × SU(3)R (3)
transforms as (3, 3¯). As a ﬁrst step, we want to ex-
plore the possibility of generating a Yukawa hierarchy
via SFSB of GLR.
2.1. Minimization of the tree level potential
It is convenient to parameterize Y by means of its sin-
gular value decomposition:
Y = V† χU , (4)
χ = diag (u1, u2, u3) , (5)
where the matrices V and U are unitary and the en-
tries in χ are real nonnegative. We can write down three
renormalizable invariants with respect to the GLR trans-
formations Y → VL Y V†R (with detVL,R = +1):
T = Tr(YY†) =
∑
i
u2i , (6)
A = Tr
[
Adj(YY†)
]
=
1
2
∑
i j
u2i u
2
j , (7)
D = Det(Y) = eiδ
∏
i
ui ≡ eiδ D , (8)
where δ = Arg
[
Det
(
V†U
)]
and D = |D|. The most
general potential reads:
V = λ
[
T − m
2
2λ
]2
+ λ˜AA + μ˜D + μ˜∗ D∗ , (9)
and by taking μ˜ = μeiφ the last two terms can be also
rewritten as 2 μ cos(φ+ δ)D. For the rest of this section
we will neglect the phases of μ and D and assume that
both quantities are real. Formally, one can implement
this condition in the scalar potential via a chiral rota-
tion of the quark ﬁelds in eq. (2). This is described in
detail in [20] (although it was later found that the solu-
tion to the strong CP problem put forth in [20] does not
hold [5], the analysis of the relation between the phase
φ + δ chiral rotations and the chiral anomaly remains
valid). In eq. (9) we require λ > 0 in order to have a
potential bounded from below and m2 > 0 to trigger
SSB via 〈T 〉  0. From the r.h.s of eqs. (7)-(8) we see
that both A and D are maximized for the symmetric con-
ﬁguration 〈χ〉s = (us, us, us). This would break GLR to
the maximal subgroup Hs = SU(3)L+R. The minimum
value 〈D〉 = 0 is obtained when one entry in 〈χ〉 van-
ishes, while 〈A〉 = 0 is obtained when two entries van-
ish: 〈χ〉h = (0, 0, uh) (with uh = m/
√
2λ). Therefore,
if λA > 0 and a speciﬁc condition μ2/m2 < F(λ, λA) is
satisﬁed (where F(λ, λA) is a simple algebraic expres-
sion of its arguments, see [3]) the global minimum is
obtained for 〈χ〉h. This gives as little group the maximal
GF subgroup Hh = SU(2)L × SU(2)R × U(1) [7].
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2.2. The one loop eﬀective potential
The fact that the tree level potential admits the vac-
uum conﬁguration 〈χ〉h = (0, 0, uh), which is a good ap-
proximation to the quarks Yukawa pattern, is encourag-
ing, and one could hope that some type of corrections
could lift the two zeroes to hierarchically suppressed
entries. Clearly this would correspond to breaking fur-
ther the little groups of the tree level vacua. That is, we
need to understand if a stepwise breaking GLR → Hh →
nothing, of the initial symmetry group, is possible.
In [3] it was shown that by adding to the tree
level potential new terms of the form cD μD logD and
cA A log A, with coeﬃcients cD,A < 1, would do exactly
this, lifting the two zeroes to nonvanishing but exponen-
tially suppressed entries. In the same paper it was con-
jectured that the one loop corrected eﬀective potential
might contain precisely terms of this type.
The non trivial task of computing the eﬀective poten-
tial for the scalar multiplet Y was undertaken in [4]. We
ﬁrst worked out the analytical expression of Veﬀ , and
next we carried out a numerical study of its minima. We
have found that the vacuum structure of the tree level
minimum remains stable against loop corrections. The
reason for this stability can in fact be understood on the
basis of a theorem established by Georgi and Pais (GP)
in the late seventies [21], stating that: stepwise SSB can
only occur via perturbative quantum corrections if there
are non-Goldstone massless bosons in the tree approx-
imation. Since in our case all massless modes corre-
spond to Goldstone bosons, the little groups Hs,h cannot
undergo further breaking because of loop eﬀects. (The
Coleman-Weinberg model [22] is a well known exam-
ple of a tree level symmetry broken by loop eﬀects. This
can occur because classical scale invariance of the scalar
potential is assumed, and thus at the tree level all the
scalars are massless non-Goldstone modes. Therefore
the occurrence of loop induced breaking is in agreement
with the GP theorem.) In ref. [4] the GP theorem was
extended to include also the case of perturbations due
to eﬀective operators involving higher order invariants
of Y , and this lead to the conclusion that, in the absence
of tree level non-Goldstone massless modes: no pertur-
bative eﬀect of any kind can further break the tree level
little groups Hs,h and lift the vanishing entries in 〈χ〉.
As a side remark, it should be noticed that the previ-
ous result does not mean that one cannot write a poly-
nomial expression in the invariants which, upon mini-
mization, yields a hierarchical pattern 〈χ〉exp = (′, , u)
(′ 	  	 u) and breaks GF completely. This
in fact can be done straightforwardly. For a given
type of quarks, let us denote the experimental value of
the invariants as Texp, Aexp, Dexp. Then the nonnega-
tive polynomial P(Y) =
(
T − Texp
)2
+ 1
Λ4
(
A − Aexp
)2
+
1
Λ2
(
D − Dexp
)2
is guaranteed to have its minimum in
〈χ〉exp [16]. (Of course, with a suitable set of indepen-
dent invariants, this can be extended to the full quark
sector, so that all quark masses and mixing angles can
be trivially obtained via minimization of a suitable poly-
nomial.) However, expanding P(Y) and truncating it to
retain only the renormalizable operators, one obtains
that the A invariant appears with an overall negative
sign −2
(
Aexp/Λ4
)
A and this implies that the minimum
occurs for the symmetric solution 〈χ〉s = (us, us, us).
Thus the conﬁguration 〈χ〉exp ∼ (′, , u) is not obtained
from a perturbation of the hierarchical tree level vacuum
〈χ〉h ∼ (0, 0, ut), meaning that the higher order terms
dominate over the renormalizable ones. Of course, this
means that such an approach would result in an incur-
able loss of predictivity.
2.3. Symmetry breaking via reducible representations
The results of the previous section make clear which
way is left open to get a phenomenologically viable pat-
tern of vevs for the components of the Yukawa ﬁeld Y .
Namely, the ﬂavour symmetry GLR must be completely
broken already at the tree level. For this, we need a non-
minimal set of scalar ﬁelds in reducible representations
of the ﬂavour group. In fact, breaking a symmetry by
means of reducible representations avoids at once the
issue of stability of the little groups that are maximal
subgroup of the original symmetry. A minimal enlarge-
ment of the scalar sector involves adding two multiplets,
ZL,R transforming respectively in the fundamental of one
of the two group factors SU(3)L × SU(3)R, while being
singlets under the other one:
ZL = (3, 1), ZR = (1, 3) . (10)
Let us write the most general SU(3)L×SU(3)R invariant
potential involving ZL, ZR and Y = (3, 3¯) as:
V(Y, ZL, ZR) = VI + VAR + VA . (11)
VI collects the so called ﬂavour irrelevant terms [5].
These are terms that are invariant under accidental sym-
metries that are much larger than the ﬂavour symme-
try, and thus the values of their vevs do not depend
on any particular ﬂavour conﬁguration. For example T
eq. (6) is invariant under SO(18) which is broken down
to SO(17) after SFSB. A transformation of this large
subgroup can rotate 〈χ〉s into 〈χ〉h leaving unchanged
the “length” of the vev of Y (deﬁned as
√〈T 〉). An-
other example of ﬂavour irrelevant operators is
∣∣∣ZL,R∣∣∣2
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which carries a SO(6) symmetry. All in all, the role of
VI is just that of determining the “length” of the vevs
for Y, ZL, ZR, without contributing to the determination
of any speciﬁc ﬂavour direction. Therefore we will omit
writing here its explicit form, that can be found in [4].
Those terms in the potential that tend to break the
symmetry to the largest maximal little group (in this
case SU(3)L+R with eight generators) are deﬁned as at-
tractive (A), while terms that tend to break the sym-
metry to the smallest maximal little group (in this case
SU(2)L × SU(2)R × U(1) with seven generators) are
called repulsive (R). Hermitian monomials can be at-
tractive or repulsive depending if their (real) couplings
are negative or positive, and are included in VAR:
VAR = λAA + gR|YZR|2 + gL |Y†ZL|2 , (12)
where we have adopted for the modulus square nota-
tion the convention |X|2 = X†X. For example (see sec-
tion 2.1) the sign of λA determines if the A invariant is
attractive or repulsive. Operators which correspond to
non-Hermitian monomials are included in VA:
VA = μ˜D + ν˜Z†LYZR + H.c. (13)
= 2 μD cos δ + 2 ν
∣∣∣Z†LYZR
∣∣∣ cos φLR ,
where in the second line μ = |μ˜| and ν = |ν˜|. Non-
Hermitian monomials are always attractive, as is the
case for D: when the vev 〈D〉 is nonvanishing, mini-
mization drives its phase δ → π (cos δ = −1). Then the
minimum gets lowered for the largest possible value of
D, that is obtained for 〈χ〉s, corresponding to the largest
little group Hs = SU(3)L+R. Let us now deﬁne
〈Y〉 = vY diag (′, , y) , (14)
〈ZL〉 = vL (zL, ′L, L) (15)
〈ZR〉 = vR (zR, ′R, R) (16)
with 2 + ′2 + y2 = 1 and analogously for the entries
in 〈ZL,R〉. Let us see if a hierarchical solution , ′ 	 y,
L,R, 
′
L,R 	 zL,R, can be obtained. VI in eq. (11) ﬁxes
the ‘lengths’ vY and vL,R, and vanishes, so we need
to consider only the eﬀect of V ≡ VAR + VA. For
λA, gL,R > 0 VAR is always positive, and thus it is min-
imized when it vanishes, which occurs when the vevs
of ZL,R are misaligned with respect to the vev of Y , as
for example 〈Y〉 = vY diag (0, 0, 1), 〈ZL〉 = vL (cL, sL, 0)
and 〈ZR〉 = vR (cR, sR, 0) (c2L,R + s2L,R = 1). However,
such a conﬁguration would also imply VA = 0, while
conﬁgurations yielding VA < 0 would result in a lower
minimum. We then learn that the parameters μ and ν ap-
pearing in VA can play a crucial role in lifting the van-
ishing entries. A simple illustrative example of their ac-
tion can be given by setting for simplicity vY = vL = vR
and λA = gL = gR. Solving for the extremal conditions
∂V/∂ = ∂V/∂′ = ∂V/∂L,R = ∂V/∂′L,R = 0, and
truncating to terms O
(
2
)
we obtain a unique solution
for the global minimum:
 =
λA ν vY
3λ2A v
2
Y − μ2
, ′ =
μ
λA vY
 . (17)
At this order, the other parameters vanish (L,R = ′L,R =
0), and the potential minimum is Vmin = −ν v3Y .
Eq. (17) shows that a hierarchy ′ ∼ 10−2  ∼ 10−4,
which would ﬁt well the observed values of 〈 χu 〉, can
be obtained by taking ν ∼ μ ∼ 10−2 λA vY .
3. Two Yukawa ﬁelds: generating quark mixing
In this section we extend the study of SFSB by in-
cluding both the u and d sectors. The ﬂavour sym-
metry is then the full ﬂavour group GF eq. (1), under
which the u- and d-type Yukawa multiplets transform
as: Yu ∼
(
3, 3¯, 1
)
and Yd ∼
(
3, 1, 3¯
)
.
3.1. Minimization of the potential for Yu and Yd
With just the two multiplets Yu and Yd we can write
only one invariant that is not ﬂavour irrelevant and that
couples the two Yukawa ﬁelds (for the complete expres-
sion for V(Yu, Yd) see [3]):
Tud = Tr(YuY†uYdY
†
d ) = Tr
(
K† χ2u K χ
2
d
)
, (18)
where K is a unitary matrix of ﬁelds that in terms of the
singular value decomposition parameterization eq. (4)
is given by K = VuV†d. The vev of K describes the mis-
match between the two basis in which 〈Yu〉 and 〈Yd〉 are
diagonal, and after ordering 〈 χu 〉 and 〈 χd 〉 in the same
way (e.g. with increasing size of their entries) we can
make the identiﬁcation 〈K〉 = VCKM . Being a Hermitian
monomial, Tud can be attractive or repulsive depend-
ing on the sign of its coupling λud (respectively negative
or positive). At ﬁxed lengths (
√〈Tu〉,
√〈Td〉 = const.)
when 〈Yu〉 and 〈Yd〉 are “aligned” (i.e. they are diago-
nal in the same basis and with the same ordering) the
value of 〈Tud〉 is maximum, while it is minimum when
in a given basis they are “anti-aligned” (diagonal but
with opposite ordering). It is then clear that there are
only two options to extremize Tud: if its coupling λud is
negative, alignment is selected and we obtain 〈K〉 = I.
λud > 0 selects instead the anti-aligned conﬁguration,
which means that 〈K〉 is anti-diagonal. The ﬁrst pos-
sibility can be considered to give a reasonable ﬁrst ap-
proximation to VCKM . However, also in this case there is
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no type of perturbative correction that can produce de-
partures from an exact 〈K〉 = I and generate small mix-
ing angles. A simple intuitive way to understand this is
to notice that with only two “directions” in ﬂavour space
(Yu and Yd) there is just a single relative “angle”, which
gets ﬁxed by minimization of the potential. This implies
that alignment or anti-alignment are the only possibili-
ties for extremization.
One additional remark is in order. With a negative
coupling (λud < 0) the term in eq. (18) besides align-
ing 〈Yu〉 and 〈Yd〉 has also another important eﬀect: the
naive hierarchical pattern y ∼ 1,  ∼ νvY , ′ ∼
μ
vY
 that we
have derived at the end of section 2.3, see eq. (17), gets
ampliﬁed by the eﬀect of Tud. Numerically, we ﬁnd that
in the presence of Tud and with λud < 0,
μ
v ∼ 10−1|λud |
is enough to generate suﬃciently strong Yukawa hier-
archies as the ones observed. For an explanation of
how this dynamical enhancement comes about we refer
to [5].
3.2. Quark mixing via reducible representations
As we have seen in section 2.3, adding new scalar
representations is in any case necessary to generate hi-
erarchical Yukawa matrices with nonvanishing entries.
We will now argue that this can also cure the trouble-
some result VCKM = I. We have seen that the pair of
scalar multiplets ZL,R transforming respectively in the
fundamental of the SU(3)L,R factors of GLR eq. (3) suf-
ﬁces to generate hierarchical entries for one Yukawa
multiplet. Then, as a ﬁrst attempt to generate a vev
〈K〉 with a non trivial structure, we can try to introduce,
as a minimal number of additional ﬁelds, the follow-
ing three multiplets: ZQ1 ∼ (3, 1, 1), Zu ∼ (1, 3, 1) and
Zd ∼ (1, 1, 3), where in parenthesis we have given the
transformation properties under GF . Therefore we have
in total three ‘vectors’ ZQ1 , Yu and Yd transforming un-
der the L-handed factor SU(3)Q of GF , while Zu and
Zd transform respectively in the fundamental of the two
R-handed factors. The study of the most general tree
level potential for these ﬁve multiplets in terms of attrac-
tive/repulsive operators is a bit cumbersome, and we re-
fer to section IV of ref. [5] for details. The result is that
while this minimal set suﬃces for obtaining hierarchi-
cal solutions for both 〈χu〉 and 〈χd〉, only one nontrivial
mixing angle (θ23) is generated, which also implies that
there are no sources of CP violation in the ground state
for the mixing matrix 〈K〉.
3.3. Mass hierarchies, CKM mixings and CP violation
In order to generate the other two nonvanishing mix-
ing angles (θ12 and θ13) at least one additional mul-
tiplet transforming in the fundamental of SU(3)Q is
needed: ZQ2 ∼ (3, 1, 1). This can be intuitively under-
stood by observing that four independent “directions”
in L-handed ﬂavour space (ZQ1 , ZQ2 Zu, Zd) constitute
the minimum number required to deﬁne three relative
“angles”. While the expression for the full GF invari-
ant potential becomes a bit involved, a large number of
terms are ﬂavour irrelevant, and understanding the dy-
namical action of the relevant invariants is still a man-
ageable task. This task has been carried out in [5]. Quite
interestingly, we have found that the same ﬁeld content
that ensures three nonvanishing mixing angles, is also
suﬃcient to ensure that at the potential minimum the
vev 〈K〉 ∼ VCKM contains one CP violating phase. Let
us stress, for the seek of clarity, that in the present case
the fact that the potential minimum is CP violating has
nothing to do with the notion of spontaneous CP viola-
tion. In fact, in our scenario the scalar potential violates
CP from the start because of the presence of a certain
number of physical complex phases (four, to be exact).
The important point thus is that at the minimum there
is no restoration of CP symmetry, something that could
have happened if, by some accident, all the ﬁeld vevs
had ﬂown towards real values.
3.4. A numerical example
The ﬁnal verdict if spontaneous breaking of the
ﬂavour symmetry is able to account for the entire set
of observables in the quark sector can eventually be set-
tled only by means of numerical minimization of the
full GF -invariant scalar potential. This issue has been
addressed in [5]. However, no attempts to perform mul-
tidimensional global ﬁts to the SM observables where
carried out, something that would have required a pro-
hibitive amount of CPU time. The simpler approach fol-
lowed in [5] was that of assuming a simple set of values
for most of the ﬂavour irrelevant parameters and then,
by varying the remaining (crucial) ones, attempting to
approximate the experimental values of the observables
of the quark sector. Of course, carrying out successfully
this procedure has been rendered feasible by a good un-
derstanding of the role of each term in the potential, an
understanding that we have gained by inspection of sev-
eral partial analytical results. An example of the type
of results that can be obtained is given below. Since
we have not reproduced here the (rather lengthy) ex-
pression for the most general GF invariant potential for
the Y and Z ﬁelds, we also do not recopy the numeri-
cal values of the input parameters. Since it is a quite
relevant point we mention, however, that all parameters
have been taken to be O(1), with no hierarchies among
them larger than O(10−1). We have found input values
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satisfying the above conditions for which the resulting
parameters of the SM quark sector are
〈Yu〉 = vu diag (0.0003, 0.009, 1.4) ,
〈Yd〉 = vd diag (0.0007, 0.02, 1.2) ,
|〈K〉| =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0.974 0.223 0.027
0.224 0.974 0.042
0.017 0.046 0.999
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
J = 2.9 × 10−5, (19)
where J in the last line is the Jarskog invariant [23].
Let us note that having the largest entries in 〈Yu,d〉 of
similar size, which follows from the fact that we have
set vd = vu from the start, does not constitute any real
problem. The value of the b-quark mass can be easily
suppressed by means of a U(1) spurion vev, along the
lines described for example in [3], or by extending the
Higgs sector to a two doublets model with 〈Hd〉 	 〈Hu〉.
4. Conclusions
In this contribution we have reported the attempt
developed in the three papers [3, 4, 5] to explain the
values of the parameters of the SM quark sector (four
mass ratios, three mixing angles and one CP violating
phase) starting from the idea that the complete breaking
of the quark ﬂavour symmetry can result as the dynam-
ical eﬀect of driving a suitable scalar potential towards
its minimum. We have identiﬁed the minimum set of
multiplets in simple (fundamental and bifundamental)
representations of the group needed to break GF → 0,
and we have shown that this same set of ﬁelds is also
suﬃcient to generate one weak CP violating phase.
Besides the quantitative results, through this study we
have gained important qualitative understandings of
various mechanisms that might underlie some of the
most puzzling features of the SM quark sector. We list
them in what we think is their order of importance.
1. K = VCKM ≈ I. The interaction between the two
Yukawa ﬁelds Yu and Yd tends to generate an exact
alignment of their vevs in ﬂavour space, resulting in
VCKM = I [8]. If the interaction is repulsive (λud > 0)
the alignment occurs when the eigenvalues of the two
matrices are ordered by size in an opposite way. When
the interaction is attractive (λud < 0) the alignment
occurs when the ordering is the same. This second
possibility is the one observed in nature. To generate
three nonvanishing mixing angles, that is to (slightly)
misalign Yu and Yd in all ﬂavour directions, at least
two other multiplets transforming under the L-handed
factor SU(3)Q are needed. Their presence will induce
perturbation in the exact alignment, but if the Yu-Yd
interaction is suﬃciently strong, an approximate form
VCKM ≈ I will be maintained.
2. Yukawa hierarchies. Hierarchies between the
diﬀerent entries in 〈Yu〉 and 〈Yd〉 are seeded by taking
for a subset of the dimensional parameters values
somewhat smaller than the overall scale of the vevs:
μ, ν ∼ vY/10. This can be justiﬁed by the fact that
when these parameters are set to zero, the scalar
potential gains some additional U(1) symmetries. The
initial (mild) suppression of some entries in 〈Yu,d〉
can get ampliﬁed down to the observed values of the
quark mass ratios by dynamical eﬀects. Hierarchical
Yukawa couplings can then be generated without strong
hierarchies in the fundamental parameters.
3. CP violation. Once the ﬂavour symmetry is
completely broken, generating the CKM CP violating
phase does not require complicating further the model.
The set of scalar multiplets needed to obtain GF → 0
ensures that several complex phases cannot be removed
regardless of ﬁeld redeﬁnitions, and this ensures that
the scalar potential contains CP violating terms. For
generic values of these phases, a CP violating ground
state for V(Yq, Zq, ZQ1,2 ) is obtained.
Indeed, one could object that in our construction there
are many more fundamental parameters than there are
observables. This of course aﬀects its predictivity, and
in some respects also its elegance. We cannot object to
such a criticism, but it is worth stressing that the pro-
liferation of parameters is a result of the usual quantum
ﬁeld theory prescription for building renormalizable La-
grangians: we have identiﬁed the minimum number of
multiplets needed to break completely GF , and next we
have simply written down the complete set of renormal-
izable operators allowed by the symmetry. After all, as
it has been argued e.g. in [24], the apparent lack of sim-
ple relations between the observables of the quark sector
might well be due to the fact that, as in our case, they
are determined by a very large number of fundamental
parameters.
Direct evidences of the scenario we have been study-
ing might arise from the fact that if the ﬂavour sym-
metry is global, then spontaneous symmetry breaking
implies the presence of Nambu-Goldstone bosons that
could show up in yet unseen hadron decays or in rare
ﬂavour violating processes. If the ﬂavour symmetry
is instead gauged, then to ensure the absence of gauge
anomalies additional fermions must be introduced [15],
and their detection could then represent a smoking gun
for this type of models. All this remains, however, a
E. Nardi / Nuclear and Particle Physics Proceedings 267–269 (2015) 69–7574
bit speculative, especially because the theory provides
no hint of the scale at which the ﬂavour symmetry gets
broken, and very large scales would suppress most, if
not all, types of signatures.
Acknowledgments
It is a pleasure to thank my colleagues Jose Ramon
Espinosa and Chee Sheng Fong for their precious col-
laboration in developing this research project. This
work is supported in part by the research grant number
2012CPPYP7 under the program PRIN 2012 funded by
the Italian “Ministero dell’ Istruzione, Universita´ e della
Ricerca” (MIUR) and by the INFN “Iniziativa Speci-
ﬁca” TAsP-LNF.
References
[1] C. Froggatt, H. B. Nielsen, Hierarchy of Quark Masses, Cabibbo
Angles and CP Violation, Nucl.Phys. B147 (1979) 277.
[2] R. S. Chivukula, H. Georgi, Composite Technicolor Standard
Model, Phys.Lett. B188 (1987) 99.
[3] E. Nardi, Naturally large Yukawa hierarchies, Phys.Rev. D84
(2011) 036008. arXiv:1105.1770.
[4] J. R. Espinosa, C. S. Fong, E. Nardi, Yukawa hierarchies from
spontaneous breaking of the SU(3)L × SU(3)R ﬂavour symme-
try?, JHEP 1302 (2013) 137. arXiv:1211.6428.
[5] C. S. Fong, E. Nardi, Quark masses, mixings, and CP violation
from spontaneous breaking of ﬂavor SU(3)3, Phys.Rev. D89 (3)
(2014) 036008. arXiv:1307.4412.
[6] L. Michel, L. Radicati, Properties of the breaking of hadronic
internal symmetry, Annals Phys. 66 (1971) 758–783.
[7] N. Cabibbo, L. Maiani, in Evolution of particle physics, Aca-
demic Press 50 App. I (1970) 68–72.
[8] A. Anselm, Z. Berezhiani, Weak mixing angles as dynamical de-
grees of freedom, Nucl.Phys. B484 (1997) 97–123. arXiv:hep-
ph/9605400.
[9] Z. Berezhiani, A. Rossi, Flavor structure, ﬂavor symmetry and
supersymmetry, Nucl.Phys.Proc.Suppl. 101 (2001) 410–420.
arXiv:hep-ph/0107054.
[10] Y. Koide, Phenomenological Meaning of a Neutrino Mass
Matrix Related to Up-Quark Masses, Phys.Rev. D78 (2008)
093006. arXiv:0809.2449.
[11] Y. Koide, Charged Lepton Mass Relations in a Supersym-
metric Yukawaon Model, Phys.Rev. D79 (2009) 033009.
arXiv:0811.3470.
[12] Y. Koide, H. Nishiura, Yukawaon Model with U(3)×S3
Family Symmetries, Phys.Lett. B712 (2012) 396–400.
arXiv:1202.5815.
[13] T. Feldmann, M. Jung, T. Mannel, Sequential Flavour Symmetry
Breaking, Phys.Rev. D80 (2009) 033003. arXiv:0906.1523.
[14] M. Albrecht, T. Feldmann, T. Mannel, Goldstone Bosons in Ef-
fective Theories with Spontaneously Broken Flavour Symmetry,
JHEP 1010 (2010) 089. arXiv:1002.4798.
[15] B. Grinstein, M. Redi, G. Villadoro, Low Scale Flavor Gauge
Symmetries, JHEP 1011 (2010) 067. arXiv:1009.2049.
[16] R. Alonso, M. Gavela, L. Merlo, S. Rigolin, On the scalar po-
tential of minimal ﬂavour violation, JHEP 1107 (2011) 012.
arXiv:1103.2915.
[17] I. de Medeiros Varzielas, Non-Abelian family symme-
tries in Pati-Salam uniﬁcation, JHEP 1201 (2012) 097.
arXiv:1111.3952.
[18] R. N. Mohapatra, Gauged Flavor, Supersymmetry and
Grand Uniﬁcation, AIP Conf.Proc. 1467 (2012) 7–14.
arXiv:1205.6190.
[19] R. Alonso, M. Gavela, G. Isidori, L. Maiani, Neutrino Mixing
and Masses from a Minimum Principle, JHEP 1311 (2013) 187.
arXiv:1306.5927.
[20] C. S. Fong, E. Nardi, Spontaneous Breaking of Flavor Sym-
metry Avoids the Strong CP Problem, Phys.Rev.Lett. 111 (6)
(2013) 061601. arXiv:1305.1627.
[21] H. Georgi, A. Pais, Natural Stepwise Breaking of Gauge and
Discrete Symmetries, Phys.Rev. D16 (1977) 3520.
[22] S. R. Coleman, E. J. Weinberg, Radiative Corrections as the Ori-
gin of Spontaneous Symmetry Breaking, Phys.Rev. D7 (1973)
1888–1910.
[23] C. Jarlskog, Commutator of the Quark Mass Matrices in the
Standard Electroweak Model and a Measure of Maximal CP Vi-
olation, Phys.Rev.Lett. 55 (1985) 1039.
[24] L. F. Duque, D. A. Gutierrez, E. Nardi, J. Norena, Fermion mass
hierarchy and non-hierarchical mass ratios in SU(5) x U(1)(F),
Phys.Rev. D78 (2008) 035003. arXiv:0804.2865.
E. Nardi / Nuclear and Particle Physics Proceedings 267–269 (2015) 69–75 75
